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BOUNDEDNESS OF MINIMAL PARTIAL DU VAL RESOLUTIONS
OF CANONICAL SURFACE FOLIATIONS
YEN-AN CHEN
Abstract. In this paper, we prove the boundedness of surfaces X and of the canonical
bundle KF for canonical foliated surfaces (X,F ) of general type.
Recently, there has been significant progress in the study of foliated surfaces of general
type. By work of McQuillan and Brunella (See [McQ08] and [Bru15]), it is known that
smooth foliated surfaces of general type with only canonical singularities admit a unique
canonical model. It is then natural to wonder if these canonical models have a good
moduli theory and in particular if they admit a moduli functor.
A first step in this direction was achieved in [HL19] where it is shown that foliated sur-
faces of general type with fixed Hilbert function (of the canonical model) are birationally
bounded.
In this paper, we improve on the results of [HL19] by showing that the canonical
models and their minimal partial du Val resolutions are bounded.
Theorem 0.1. Fix a function P : Z≥0 → Z. Let S be the set of all pairs (X,KF ) where
KF is the canonical sheaf of a foliation F on X such that f : (X,F ) → (Xc,Fc) is
the minimal partial du Val resolution (See Definition 2.1) of a canonical model (Xc,Fc)
of a foliated surface of general type with Hilbert function χ(mKFc) = P (m). Then S is
a bounded family. More precisely, there exists a projective morphism of quasi-projective
varieties µ : X → T and a divisorial sheaf L such that for any foliated surface (X,F ) as
above, there is a t ∈ T and an isomorphism ρ : X → Xt such that OX(KF ) ∼= ρ
∗(L|Xt).
Remark 0.2. Note that any minimal partial du Val resolution (X,F ) determines its
canonical model (Xc,Fc) uniquely.
Acknowledgements. The author would like to thank Adrian Langer for his precious
feedbacks and Christopher D. Hacon for the invaluable discussions.
1. Preliminaries
1.1. Foliated surfaces. In this subsection, we introduce and fix the notation for foliated
surfaces. All material comes from [McQ08], [Bru15], and [HL19]. We will always work
over C.
1.1.1. Foliation. A foliation F on a normal surface X is a rank 1 saturated subsheaf
TF of the tangent sheaf TX of X . That is, TX/TF is torsion-free. A singular point of
a foliation F is either a singular point of X or a point at which the quotient TX/TF is
not locally free. By our definition, F has only isolated singularities.
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Notice that TX = H om(ΩX ,OX) is reflexive. Also TF is reflexive since it is a saturated
subsheaf of a reflexive sheaf. So we define the canonical divisor KF of the foliation F
as OX(−KF ) ∼= TF .
Let f : Y → X be a proper birational morphism of normal surfaces and F is a foliation
on X . We define the pullback foliation f ∗F to be the saturation of the kernel of the
composition
TY → f
∗TX → f
∗(TX/TF ).
If G is a foliation on Y , then we define the pushforward foliation f∗G to be the saturation
of the image of the composition
f∗TG → f∗TY → (f∗TY )
∗∗ = TX .
By [HL19, Lemma 1.7], we have f ∗f∗G = G and f∗f
∗F = F .
1.1.2. Cartier index. Let (X,F ) be a foliated surface. We have the following definitions.
(1) The index i(X) of X is the smallest positive integer m such that for every Weil
divisor D on X its multiple mD is Cartier.
(2) The index i(KX) of KX is the smallest positive integer m such that mKX is
Cartier.
(3) The index i(F ) of a foliation F on X is the smallest positive integer m such
that mKF is Cartier. (We will set i(F ) =∞ if KF is not Q-Cartier.)
(4) The Q-index iQ(F ) of a foliation F on X is the smallest positive integer m such
that mKF is Cartier for all Q-Gorenstein points of the foliation.
1.1.3. Canonical foliation singularities.
Definition 1.1 (Discrepancy). Let f : Y → X be a proper birational morphism from
a normal surface to a foliated surface (X,F ). Let FY be the pullback of F via f . For
any prime divisor E on Y , we define the discrepancy of F along E to be
aE(F ) = ordE(KFY − f
∗KF )
Definition 1.2. We say that x ∈ X is a canonical (resp. terminal) point of (X,F ) if
aE(F ) ≥ 0 (resp. aE(F ) > 0) for all prime divisors E over x.
Definition 1.3 (Canonical model). A foliated surface (X,F ) is called a canonical model
if F is a foliation with only canonical singularities on a normal projective surface X ,
KF is nef, and KF .C = 0 implies C
2 ≥ 0 for all irreducible curves C.
In [HL19], Hacon and Langer show that for a canonical model (X,F ) with the fixed
Hilbert function χ(X,mKF ), many invariants are bounded. Precisely,
Proposition 1.4 ([HL19, Proposition 4.1]). Fix a function P : Z≥0 → Z. Then there
exist some constants B1, B2, B3, and B4 such that, for any canonical model (X,F ) with
Hilbert function χ(X,mKF ) = P (m), the intersection numbers K
2
F
= B1, KF .KX =
B2, χ(OX) = B3, and the number of cusps of X is equal to B4. Moreover, there exists
some constants C1 and C2 such that the number of terminal and dihedral singularities of
(X,F ) is at most C1 and the index of X at any terminal foliation singularity is at most
C2. In particular, we have iQ(F ) ≤ 2C2.
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1.1.4. Kodaira dimension.
Definition 1.5 (Kodaira dimension). Given any foliation F on X . We define the
Kodaira dimension of F to be
κ(F ) := max{dimφ|mKF |(X)|m ∈ N and h
0(mKF ) > 0}
where by convention κ(F ) = −∞ if the set above is empty, that is, h0(mKF ) = 0 for
all m ∈ N.
Definition 1.6. We say that the foliation F is of general type if κ(F ) = dimX .
1.2. Intersection theory. In this paper, we work on normal surfaces and the intersec-
tion theory we use is in the Mumford’s sense. We include the definition for the reader’s
convenience.
Let X be a normal projective surface. Let f : Y → X be a proper birational morphism
from a smooth surface Y , for instance, the minimal resolution of singularities. Now let
E = ∪jEj be the exceptional divisor of f . For any Weil R-divisor D on X , we define
f ∗D as D˜ +
∑
j ajEj where D˜ is the proper transform of D and the aj ’s are uniquely
determined by the property that (D˜ +
∑
j ajEj).Ei = 0 for every i.
For any two Weil R-divisors D1 and D2 on X , we define D1.D2 := (f
∗D1).(f
∗D2).
1.3. A criterion for very-ampleness.
Lemma 1.7 ([HL19, Lemma 1.10]). Let (Xc,Fc) be a canonical model. If the foliation
Fc is of general type, then KFc is numerically ample, that is K
2
Fc
> 0 and KFc .C > 0
for any irreducible curve C on Xc.
Theorem 1.8 ([Lan01, Theorem 0.2]). Let X be a normal projective surface and M be
a Q-divisor on X such that KX + ⌈M⌉ is Cartier. Let ζ be a 0-dimensional subscheme
of X and δζ > 0 be a certain number associated to ζ. If
(1) M2 > δζ and
(2) M.C ≥ 1
2
δζ for every curve C on X,
then H0(X,OX(KX + ⌈M⌉))→ Oζ(KX + ⌈M⌉) is surjective.
Remark 1.9. Let’s consider the case when |ζ | = 2.
(1) If the support of ζ = {x1, x2} is two distinct points, then δζ = δx1 + δx2 . ([Lan01,
1.1.3])
(2) δx ≤ 4 if x is a smooth point or a du Val singularity. ([Lan01, 0.3.2])
(3) If ζ is supported at only one point x, then
(a) δζ ≤ 8 if x is a smooth point or a du Val singularity. ([Lan01, 0.3.2])
(b) δζ ≤ 4(edimxX−1) if x is a rational (non-smooth) singularity where edimxX
is the embedding dimension of X at x. ([Lan01, 0.3.4])
Proposition 1.10 ([Har77, Proposition II.7.3]). Let X be a projective scheme over k
and L be a line bundle on X. Then L is very ample if and only if it separates points and
tangents.
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1.4. Boundedness. Let’s recall the definition of boundedness for surfaces and for re-
flexive sheaves on surfaces.
Definition 1.11. We say a set R of surfaces is bounded if there is a flat morphism
µ : X → T of finite type such that for any surface X in R, we have X ∼= Xt for some
t ∈ T .
Definition 1.12. We say the set {(X,L )} of surfaces and reflexive sheaves is bounded
if there is a flat morphism µ : X → T of finite type and a reflexive sheaf L on X such
that for any reflexive sheaf (X,L ) in the set, there is a t ∈ T such that ρ : X ∼= Xt and
L ∼= ρ∗(L|Xt).
2. Proof of Theorem 0.1
2.1. Boundedness of X such that (X,F ) ∈ S. We divide the proof into several
steps.
(1) (Setup) Given any canonical foliated surface (Xc,Fc). Let
g : (Xm,Fm)→ (Xc,Fc)
be the minimal resolution of canonical non-terminal foliation singularities. By
[McQ08, Theorem III.3.2], the connected components of the exceptional divisors
Ej’s belong to one of the following types.
(a) A chain of smooth rational curves whose dual graph is of An type. More
precisely, it consists either two (−1)-Fm-curves of self-intersection −2 joined
by a bad tail or a chain of (−2)-Fm-curves.
(b) Two (−1)-Fm-curves of self-intersection −2 joined by a bad tail which itself
connects to a chain of (−2)-Fm-curves. Its dual graph is of Dn type.
(c) Elliptic Gorenstein leaves. That is, either a cycle of (−2)-Fm-curves or a
rational curve with only one node.
Let h : (Xm,Fm)→ (X,F ) be the relative canonical model over Xc which is
given by a sequence of contractions of smooth rational curves C in the fiber of g
with C2 = −2. So we have f : (X,F )→ (Xc,Fc) such that g = f ◦ h.
(Xm,Fm)
g

h
&&▼
▼▼
▼▼
▼▼
▼▼
▼
(X,F )
f
xxqq
qq
qq
qq
qq
(Xc,Fc)
We give the following definition.
Definition 2.1. We call f : (X,F ) → (Xc,Fc) as above the minimal partial
du Val resolution of the given canonical foliation (Xc,Fc).
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Remark 2.2. (a) The contraction by h introduces only du Val singularities and
possibly cyclic quotient singularities with the action 1
8
(1, 5).
(b) We are not resolving the terminal foliation singularities of (Xc,Fc).
(c) X has at worst rational singularities and hence f is not an isomorphism in
a neighborhood of any cusp.
(2) (An ample Q-Cartier divisor) Now let’s consider the minimal partial du Val res-
olution f : (X,F )→ (Xc,Fc) with the exceptional divisor ∪jEj.
We consider the Q-Cartier divisor
L = αi(KX)(KX + 4i(F )KF )−KX
= (αi(KX)− 1)KX + 4αi(KX)i(F )KF .
where α will be determined later.
Remark 2.3. (a) KF = f
∗KFc since KF .Ej = 0 for any contracted curve Ej .
See [McQ08, Theorem III.3.2 and Definition III.0.2].
(b) Notice that i(KX) and i(F ) are bounded. Indeed, by Proposition 1.4, the
index of X at any terminal foliation singularity is bounded. And the sin-
gularities we introduce over the non-terminal foliation singularities are du
Val singularities at which the index of KX is one and
1
8
(1, 5) cyclic quo-
tient singularities at which the index of KX is at most 8. Thus, i(KX) is
bounded. Also, by Proposition 1.4, i(F ) is bounded at any terminal foliation
singularity. And the contraction by h introduces only two possible foliation
singularities.
(i) (Terminal foliation singularities) These singularities come from the
contraction of the (−1)-Fm-curves (which meet the bad tail) over
the dihedral singularities which has self-intersection −2 by [McQ08,
Remark III.2.2] and its following discussion. So i(F ) is 2 at these
foliation singularities.
(ii) (Canonical non-terminal foliation singularities) These come from the
contraction of a chain of the (−2)-Fm-curves whose self-intersections
are all−2 or a chain consisting of two (−1)-Fm-curves of self-intersection
−2 joined by a bad tail. Also these are Q-Gorenstein foliations. By
[HL19, Proposition 2.3]), i(F ) is at most 2 at these foliation singular-
ities.
Therefore, i(F ) is bounded.
Claim. L is ample when α ≥ 2.
Proof. Given any irreducible curve C on X .
• If C = Ej for some j, then
L.Ej = (αi(KX)− 1)KX .Ej > 0
since KX is ample over Xc.
• If C is not contained in ∪jEj ,
– If KX .C ≥ 0, then
L.C ≥ 4αi(KX)i(F )KF .C = 4αi(KX)i(F )KFc .f∗C > 0
by Lemma 1.7.
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– If KX .C < 0, by [Fuj12, Proposition 3.8], every KX negative extremal
ray is spanned by a rational curve C with 0 < −KX .C ≤ 3. Thus,
if we write C ≡
∑
aiCi + D where D.KX ≥ 0, the Ci’s are the KX
negative extremal rays, the ai’s are non-negative, and at least one of
ai is positive. By what we have seen above, L.D ≥ 0. Thus,
L.C =
∑
i
ai
(
(αi(KX)− 1)KX .Ci + 4αi(KX)i(F )KF .Ci
)
+ L.D
≥
∑
i
ai
(
− 3(αi(KX)− 1) + 4αi(KX)
)
≥ 3
∑
i
ai
> 0.
Notice that
(⋆) L = (αi(KX)− 1)(KX + 3i(F )KF ) + (αi(KX) + 3)i(F )KF
is big since it is the sum of a nef divisor and a big divisor. 
(3) (Very-ampleness)
Claim. The embedding dimension of each terminal foliation singularity is bounded.
Proof. By Proposition 1.4, the index at each terminal foliation singularity is
bounded in terms of χ(mKF ). Actually, it is shown that the order of each
cyclic group acting at each terminal foliation singularity is bounded. Thus, the
embedding dimension of each terminal foliation singularity is bounded. See for
example [Rei, Corollary 2.5]. If the action is 1
n
(1, q) and n
n−q
= [a1, . . . , ak], then
the embedding dimension is at most k + 2. 
Other singularities on X are just du Val singularities. Thus, we have a uniform
bound δ such that δζ ≤ δ for |ζ | = 2. See Remark 1.9.
By equation (⋆), since i(F )KF is Cartier, we may fix α, which only depends
on the Hilbert function χ(mKF ), such that for any irreducible curve C, we have
L2 ≥ (αi(KX) + 3)
2 > δ
L.C ≥ (αi(KX) + 3) > δ/2.
By Theorem 1.8, KX + ⌈L⌉ = αi(KX)(KX + 4i(F )KF ) separates points and
tangents. Hence by Theorem 1.10, it is very ample.
(4) (Bounded degree) By [HL19, Lemma 3.5], we know that γKFc −KXc is pseudo-
effective for
γ = max
{
2KFc .KXc
K2
Fc
+ 3iQ(Fc), 0
}
.
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Thus,
vol(KX + L) = vol
(
αi(KX)(KX + 4i(F )KF )
)
≤ vol
(
αi(KX)(KXc + 4i(F )KFc)
)
≤ vol
(
αi(KX)(KXc + 4i(F )KFc) + αi(KX)(γKFc −KXc)
)
≤ vol
(
αi(KX)(γ + 4i(F ))KFc
)
=
(
αi(KX)(γ + 4i(F ))KFc
)2
which is bounded. Hence we complete the proof of the boundedness of X such
that (X,F ) ∈ S. 
2.2. Boundedness of canonical sheaves. We divide the proof into several steps.
(1) (Setup) We have shown that there exists a family µ : X → T of finite type
such that for all foliated surfaces (X,F ) obtained as the minimal partial du
Val resolution of some canonical foliation (Xc,Fc) of general type with fixed
Hilbert function χ(mKFc) = P (m), there is a t ∈ T such that Xt
∼= X and by
construction we have
X 

//
µ

PNT
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
T
and K⊗m
F
⊗K⊗nX = OXt(1) where m = 4αi(KX)i(F ) and n = αi(KX). Note that
α, i(KX), and i(F ) are fixed and determined by the function P . Without loss of
generality, we may assume that T is the closure of the set {t|Xt ∼= X ∈ S}.
(2) (Reduction and stratification)
Claim. We may assume that T is irreducible.
Proof. Let T = ∪iTi be the decomposition of T into irreducible components. If
there is a Ti-flat family of reflexive rank 1 sheaves Ki on each Xi = X ×T Ti
such that for any foliated surface (X,F ) as above, there exists t ∈ Ti with
(X,F ) ∼= (Xi,Ki)t for some i and t ∈ Ti. Then the disjoint union of these
families gives the required family. 
Claim. We may assume that T is smooth.
Proof. If dimT = 0, then the statement is clear. Thus, we may assume that
dimT ≥ 1. Let T0 ⊂ T be the non-singular locus. Then T\T0 is a closed subset
of T with strictly smaller dimension. Hence, by induction on dimT , it suffices to
prove the statement for T0 and therefore, we may assume that T is smooth. 
(3) (Normality of X ) Recall that, by Serre’s criterion, X is normal if and only if it is
R1 and S2.
Suppose that Xt is R1 (resp. S2), then there exists an open subset U ⊂ T
containing t such that XU := X ×T U is R1 (resp. S2) and every fiber Xt is also
R1 (resp. S2) for t ∈ U . It follows that there is an open subset V ⊂ T such that
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XV := X ×T V is normal, every fiber Xt is normal for t ∈ V , and for all X ∈ S,
there exists a t ∈ V such that X ∼= Xt. Hence, by shrinking T , we may assume
that X is normal.
(4) (Q-Cartierness of KX ) This is well-known, see for example [Sim94, Lemma 1.27].
We include a proof for the convenience of the reader.
Since X is normal, the canonical sheaf KX is defined as a divisorial sheaf. By
assumption, i(KX)KXt is Cartier for
t ∈ T ◦ := {t ∈ T |there exists a X ∈ S such that Xt ∼= X}
Note that T ◦ is a dense subset of T . For any t ∈ T ◦, we fix a d such that
i(KX)KXt(d) is generated by global sections. Then by replacing T by an open
subset, we may assume that
µ∗OX (i(KX)KX (d))⊗ k(t)→ H
0(Xt, i(KX)KXt(d))
is surjective by [Har77, Theorem 12.8 and Corollary 12.9]. Since i(KX)KXt(d) is
locally generated by some section of H0(Xt, i(KX)KXt(d)), by lifting this section
to a section ofH0(X , i(KX )KX (d)) using the surjection above and by Nakayama’s
lemma, i(KX)KX (d) is locally generated by one section on a neighborhood of Xt.
Therefore, i(KX)KX is Cartier on a neighborhood of Xt. Shrinking T , we may
assume that i(KX)KX is Cartier.
(5) (Local constancy of Pic(Xt)) Let U be the smooth locus of X . Note that Z =
X\U (resp. Zt := Z|Xt) has codimension at least two in X (resp. Xt). So
Cl(X ) = Cl(U) = Pic(U) and Cl(Xt) = Cl(Ut) = Pic(Ut).
By Verdiers theorem [Ver76, Corollaire (5.1)] and shrinking T if necessary, we
may assume that µ : X → T is a topologically trivial fibration. Let ∆ ⊂ T be a
contractible analytic neighborhood of t ∈ T and µ∆ : X∆ := f
−1(∆)→ ∆.
Since µ∆ is topologically trivial and ∆ is contractible, we have, for all t ∈ ∆,
an isomorphism αt : Pic(X∆)→ Pic(Xt).
(6) (Extendingm-torsion elements) Given anym-torsion element ξ0 in Pic(X0). After
base change, we analytically extend ξ0 to ξ
an ∈ Pican(X ). By Serre’s GAGA
principle, we have an element ξ ∈ Pic(X ) such that ξt ∈ Pic(Xt) is m-torsion for
all t ∈ T .
We may therefore assume, after a finite base change, that the subset of m-
torsion elements of Pic(X /T ), denoted by (Pic(X /T ))m, is identified with the
subset of m-torsion elements of Pic(X0), denoted by (Pic(X0))
m.
(7) (Extending KF ) Let 0 ∈ T correspond to X such that (X,F ) ∈ S. By the local
constancy, we have L∆ := α
−1
0 (KF ) ∈ Pic(X∆). Notice that
L⊗m
∆
= α−1
0
(mKF ) = α
−1
0
(OX(1)⊗K
⊗−n
X ) = OX∆(1)⊗K
⊗−n
X∆
.
Thus, if γ ∈ π1(T ), we obtain a new element γ
∗(OX0(KF )) ∈ Pic(X0) such that
(γ∗OX0(KF ))
⊗m = OX0(1)⊗K
⊗−n
X0
.
Therefore, γ∗KF−KF is anm-torsion element. Since (Pic(X0))
m ∼= (Pic(X /T ))m,
it follows that γ∗(OX0(KF ))
∼= OX0(KF ). We may therefore assume that there
is a divisorial sheaf L such that L|X0
∼= OX0(KF ).
(8) (Conclusion) For any foliated surface (Y,G ) corresponding to Xt in the family,
we have that KG is an m-th root of (OX (1) ⊗ K
⊗−n
X )|Xt . Thus, KG and L|Xt
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differ by an element of (Pic(Xt))
m which is identified with (Pic(X /T ))m. Hence,
KG ∼= (L ⊗ P)|Xt for some P ∈ (Pic(X /T ))
m. Since the number of m-torsion
elements in Pic(X /T ) is finite, the disjoint union of families (X ,L ⊗ P) where
P ∈ (Pic(X /T ))m gives the required family. 
3. Boundedness of Non-Cusp Singularities
Proposition 3.1. Fix a function P : Z≥0 → Z. There exist constants C1 and C2 such
that, for any canonical model (Xc,Fc) with Hilbert function χ(Xc, mKFc) = P (m), the
index (resp. embedding dimension) at the dihedral singularities is at most C1 (resp. C2).
Proof. By Theorem 0.1, there exists a family µ : X → T of finite type and a divisorial
sheaf L on X such that for all foliated surfaces (X,F ) obtained as the minimal partial
du Val resolution of some canonical foliation (Xc,Fc) of general type with fixed Hilbert
function χ(mKFc) = P (m), there exists a t ∈ T and an isomorphism ρ : X → Xt such
that OX(KF ) ∼= ρ
∗(L|Xt).
By Proposition 1.4, when the Hilbert function of χ(mKF ) is fixed, we have that
KFc .KXc = KF .KX and K
2
Fc
= K2
F
are constants and i(F ) is bounded by a constant.
So we could fix a positive integer
γ >
2KF .KX
K2
F
+ 3i(F ).
By the proof of [HL19, Lemma 3.5], we know that γKF −KX is big.
Fix N such that N(γKF − KX) is Cartier and h
0(X,N(γKF − KX)) > 0. Notice
that, for an irreducible divisor E over a dihedral singularity,
(γKF −KX).E = −KX .E < 0.
So E is in the base locus of the linear series |N(γKF −KX)|. By shrinking T , we may
assume that µ∗(N(γL −KX ))⊗ k(t) → H
0(X,N(γKF −KX)) is surjective. Thus, the
relative base locus b := b(N(γL −KX ), µ) of N(γL −KX ) with respect to µ is proper.
Note that bt is the base ideal of N(γL − KX )t = N(γLt − KXt) for general t. Hence,
by shrinking T further if necessary, we may write the cosupport of b is ∪jBj where
all Bj are irreducible components of b and map onto T . Let Ej be those irreducible
components among {Bj} of codimension 1 in X . So any irreducible divisor E over a
dihedral singularity lies in the Ej for some j.
Let π : X˜ → X be the log resolution of X and the Ej’s with the exceptional divisors∑
Fℓ. By shrinking T further, we may assume that ν := µ ◦ π is smooth and Fℓ is
horizontal with respect to ν. Let E˜j be the proper transform of Ej via π.
Note that Λ := {E˜j,Fℓ} is a finite set. So there are only finitely many possible
connected subsets of Λ with dual graph of Dn type.
By [Bri68, Satz 2.9 and Satz 2.11], the intersection matrix of a dihedral singularity
determines the embedding dimension and the group acting on it. Since the intersection
matrix remains the same in the family, we have the boundedness of the embedding
dimension and the order of group acting on these singularities. Hence the index of X at
the dihedral singularities is also bounded. 
Remark 3.2. (1) It is possible that some connected subset of Λ of Dn type is redun-
dant.
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(2) By the same argument as above, we could also show the boundedness of the
cyclic quotient singularities which are canonical non-terminal foliation singulari-
ties. Moreover, we could have the boundedness of the cusps. Precisely, the num-
ber of exceptional divisor and the intersection matrix over any cusp are bounded.
Also we answer [HL19, Conjecture 0.1].
Theorem 3.3. Fix a function P : Z≥0 → Z. There exists an integer mP such that if
(X,F ) is a canonical model of a surface with κ(KF ) = 2 and χ(mKF ) = P (m) for all
m ≥ 0, then for any m > 0 divisible by mP , |mKF | defines a birational map which is an
isomorphism on the complement of the cusp singularities.
Proof. The proof follows closely from the proof of [HL19, Theorem 4.3]. We include the
proof for the reader’s convenience.
Let g : (Y,G ) → (X,F ) be the minimal resolution of cusps. Then KG = g
∗KF and
i(G ) = iQ(F ). Since KF is numerically ample, we have that, for any curve C on X ,
KG .g
−1
∗ C = KF .C > 0
So i(G )KG .g
−1
∗ C ≥ 1.
Claim. KY + 3i(G )KG is nef.
Proof (Claim). Given any irreducible curve C on Y .
• If C is contracted by g, then
(KY + 3i(G )KG ).C = KY .C = −2 − C
2 ≥ 0
since C2 ≤ −2 by the minimality of g.
• If C is not contracted by g,
– If KY .C ≥ 0, then (KY + 3i(G )KG ).C ≥ 3i(G )KF .g∗C > 0 by Lemma 1.7.
– If KY .C < 0, by [Fuj12, Proposition 3.8], every KY negative extremal ray
is spanned by a rational curve C with 0 < −KY .C ≤ 3. Thus, if we write
C ≡
∑
aiCi + D where D.KY ≥ 0, the Ci’s are the KY negative extremal
rays, the ai’s are non-negative, and at least one of ai is positive. By what
we have seen above, (KY + 3i(G )KG ).D ≥ 0. Thus,
(KY + 3i(G )KG ).C =
∑
i
ai
(
(KY + 3i(G )KG ).Ci
)
+ (KY + 3i(G )KG ).D
≥
∑
i
ai(−3 + 3) + 0 = 0
Now, by [HL19, Lemma 3.5], we know that γKG − KY is big for any fixed integer γ
with
γ >
⌈
max
{
2KF .KX
K2
F
+ 3iQ(F ), 0
}⌉
.
Note that L := (β − γ)KG + (γKG − KY ) is pseudo-effective for any β > γ. Let
L = P +N be the Zariski decomposition. Then we have
P 2 ≥ (β − γ)2K2G ≥
(
β − γ
iQ(F )
)2
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And if C is not in the exceptional divisor of g, then
P.C ≥ (β − γ)KG .C ≥
β − γ
iQ(F )
.
By Proposition 3.1 and Proposition 1.4, we have the boundedness of embedding di-
mension of each rational singularity on Y . Thus, we have a uniform bound δ such that
δζ ≤ δ for |ζ | = 2. Now we fix a β divisible by iQ(F ) such that P
2 > δ and P.C > δ/2
for any irreducible curve C. By [Lan01, Theorem 0.1] and Proposition 1.10, we have
that KY + L = βKG is very ample on the complement of the exceptional divisor of g.
By [Sak84, Theorem 6.2], g∗OY (βKG ) = OX(βKF ). Hence, βKF is very ample on the
complement of the cusps. 
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